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B. Second Order Differential Equations: 

The second order linear differential equations with constant coefficient has the genral 

form is:  

)(xFcyybya         …(1), 

where a, b and c are constants. 

If  0)( xF      then (1) is called homogenous. 

If  0)( xF      then (1) is called non homogenous. 

 

Ex: 

1) y''-x2y'+sinx y=0    is linear, 2nd order, homo. 

2) y''-(y')2+ y=sinx    is non linear, 2nd order, non homo. 

3) y''+2yy'=lnx     

 

a) Homogeneous. 

b) Nonhomogeneous. 

- Undeterminant coefficients. 

- Variation of parameters. 

 

a) The Second order linear homogenous D.Eq. with constant coefficient:  

The general form is  

                               0 cyybya     …(2)  

where a, b and c are constants. 

 

The general solution 

Put y'=Dy and y''=D2y in eq. (2)  (D is an operator) 

 a D2y+bDy+cy=0 

 0y)cbDaD( 2                 (using  D-operator) 

now substitute D by r and leave y then 

                                             02  cbrar  

 is called characteristic equation of the differential equation and the solution of this equation 

(the roots r) give the solution of the differential equation where  
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a

acbb
r

2

42 



 

 

There are two values of    r  : 

1- real (equal  and not equal). 

2- complex. 

 

Case 1: If 042 acb   then r1 and r2 are distinct (r1 r2) and real roots, and the general 

solution is       xrxr
ececy 21

21   

Case 2: If  042  acb    then r 21  rr , and the general solution is: 

          rxexccy )( 21   

Case 3: If 042 acb   then the roots are two complex conjugate roots  ir  , 1i , 

and the general solution is: 

 )sincos( 21 xcxcey x    

 

Ex.1: Solve 032  yyy  

Solution: 

 032  yyy    

 

3           03

1            01

0)3)(1(

y   ,    y  ,   1y    ,              032 22









rr

rr

rr

rrrr

 

the general solution is  

xx ececy 3

21    

 

Ex.2: Solve 096  yyy  

Solution: 

096  yyy  

3                0)3(

         096

21

2

2





rrr

rr
      

xexccy 3

21 )(      
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Ex.3: Solve 0 yyy  

Solution: 

 0 yyy  

2

31-
       

2

3-1-
  

1.2

1.1.41

   1c 1,b 1,a      012

i

b
r

rr












 

2

3
    ,     

2

1-
             

2

3

2

1



 ir  

)
2

3
sin

2

3
cos(   21

2

1

xcxcey
x





 

 

 

 

Exercise: solve 

1.  4y''-12y'+5y=0   ans:y=c1e(1/2)x+ c2e(5/2)x 

2. 3y''-14y'-5y=0    ans:y=c1e5x+ c2e(-1/3)x 

3. 4y''+y=0             ans:y=c1cos(x/2)+ c2sin(x/2) 

4. y''-8y'+16y=0     ans:y=c1e4x+ c2xe4x  

5. y''+9y=0             ans:y=c1cos3x+ c2sin3x 
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b) The Second order linear non homogenous D.Eq. with constant coefficient:  

The general form is:  )(xFcyybya     …(3)  

where a, b and c are constants. 

 

The general solution 

If yh is the solution of the homo. D.Eq. 0 cyybya , then the general solution of 

eq. (3) is: 

 

 
integral)r (porticula                                       

function)tary (complemen                      

p

hph

y

yyyy 
 

 

hy     )i     is   y   homo. 

py    )ii     (use the table) 

 

Methods of finding py : 

There are two methods: 

1) Undetermined coefficients: 

In this method py  depends on the roots r1, and r2 of characteristic equation and on the 

form of )(xF  in eq. (3) as follows: 

 

)(xF  Choice of py  M.R. 

nkx  

nth degree polynomial 
0

2

2

1

1 kxkxkxk n

n

n

n

n

n  





   0 

pxke  
pxce  

p 

xk

orxk





cos

sin
 

xcxc  sincos 21   i  

 

Note: For repeated term (root), multiply by x . 

 

Ex.1: Use the table to write   py  

1)   2n    ,      3k   ,          3)( 2  xxF  

 01

2

2 kxkxky p   
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2)   c         
2

1-
k   ,         e 

2

1
)( 3x- 


xF  

 
x

p cey 3  

3)   3   ,     2k   , 3x         cos 2)(  xF    

        3xsin  c 3x  cos 21  cyp  

 

4)    2c    ,      3k   ,          2e  -  53x-3)( 3x2  xxF  

           
x

p cekxkxky 3

01

2

2   

5)      sin  
2

1
 cos2)( xxxF   

            sin x c  x cos 21  cyp  

6)     2 cos sin)( xxxF   

        2xsin  B 2x cosA sin x c  x cos 21  cyp  

 

Ex.2: Solve  242 xyyy       ….  (1) 

Solution: 

y'' –y'-2y=0 

the char. Eq. r2-r-2=0 

2r  ,1r  

0)2r)(1r(

21 


 

xx

h ececy 2

21     

f(x)=4x2 is polynomial of second degree then 

212

01

2

2

2     ,   2      

(2)  ...        

kykxky

kxkxky

pp

p




 

Substitution gives 

    4)  (2)2(2  2

01

2

2122 xkxkxkkxkk   

   -3k       022:

2k       022:.

2            42:.

0012

112

22

2







kkkconst

kkxofcoeff

kkxofcoeff

 

 3-2x2  2  xy p  

322)(yy  22

21hg   xxececy xx

p  
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Ex.3:     ey2yy x3  

Solution: 

(1) ....       ey2yy x3  

0y2yy   

1,2  0)1)(2(

             02

21

2





rrrr

rr
 

)(  2

2

1

xx

h ececy  , Put  

3x3

3

9ce    ,     3  

   (2) ....                           





p

x

p

x

p

ycey

cey
 

Substitute In  (1) 

9ce3x-3ce3x-2ce3x=e3x 

9c-3c-2c=1
4

1
c          14 c  

In (2)  
4

1
  3x

p ey   

xxx

p eececy 3

2

2

1hg
4

1
yy     

 

 Modification rule قاعدة التعديل

 

nkxxF(  اذا كان  1 )(   =   0وكان احد جرزي المعادلة القياسية       يضسبpy    السابق فيx. 

2 ) 

    - a   اذا كان
pxkexF )(  ية   = وكان احد جرزي المعادلة القياسp       يضسبpy    السابق فيx. 

   b -     اذا كان
pxkexF )(   =   وكان جرزي المعادلة القياسيةp       يضسبpy    2السابق فيx. 

 

(     اذا كان  3





xsin k 

x cos 
)(



k
xF  0     وكان   ,    ir           يضسبpy    السابق فيx. 

 

Ex.4:Solve y''+y= sinx 

Solution: 

y''+y=0 

r2+1=0, r2=-1  r =  i, =0, =1 

yh=c1cosx+c2sinx 

yp=x(c3cosx+c4sinx), y'p=x(-c3sinx+c4cosx)+(c3cosx+c4sinx) 
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y''p=x(-c3cosx-c4sinx)+(-c3sinx+c4cosx)+(-c3sinx+c4cosx) 

Substitution gives 

-2c3sinx+2c4cosx=sinx 

-2c3=1 c3=-1/2, 2c4=0c4=0 

x
x

xcxcyg cos
2

sincos 21   

 

 

 

Exercise: Find the general solution 

1) y''=9x2+2x-1 

2) y''-y'-2y=sin2x 

3) y''-5=3ex-2x+1 

4) y''+2y'+y=3e-x 

5) y''-y'-2y=x2-x 
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2- Variation of parameters. 

Let yh=c1u1+c2u2 be the homogenous solution of )x(Fcyybya   and the particular 

solution has the form 
2211p vuvuy   where v1 and v2 are unknown functions of x which 

must be determined, first solve the following linear equations for v'1 and v'2: 

v'1u1+ v'2u2=0 

v'1u'1+ v'2u'2=F(x) 

which can be solved with respect to v'1 and v'2 by Grammar rule as follows 

)x(Fu

0u
D,

u)x(F

u0
D,

uu

uu
D

1

1

2

2

2

1

21

21








  

and 
D

D
v,

D

D
v 2

2
1

1   

by integration of v'1 and v'2 with respect to x we can find v1 and v2. 

 

Ex.1: 

 Solve    
x3ey2yy           ……. (1) 

xx

h ececy 2

21   
, hence 

xx

xx

eueu

eueu

2

2

2

2

11

2         

         









 

 

yp= v1u1+v2u2 

)(

   0

2211

2211

xFuvuv

uvuv
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2

x

1
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2

x

1

e)e2(v)e(v

   0)e(v)e(v

















 

Solving this system by Cramer rule gives 

x2

x3x

x

2
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e
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e0
D,e3

e2e

ee
D 















 

xx

2

x

x

x2

2

x4x4

1

x4

x

x5

1

e
3

1
e

3

1
ve

3

1

e3

e
'v

,e
12

1
e

3

1
ve

3

1

e3

e
'v
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x3x2

2

x

1

x3x2xxx4

p

e
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1
ececy:issolutiongeneralthe
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1
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Ex.2: solve 

y''+y=secx 

Solution: 

y''+y=0 

r2+1=0 r2=-1  r = ± i         =0, =1 

yh=c1cosx + c2sinx,    u1=cosx, u2=sinx, f(x)=secx 

 yp= v1u1+v2u2 

= v1cosx +v2sinx  then 

xsec)x(cosv)xsin(v

   0)x(sinv)x(cosv

21

21













 

1xsecxcos
xsecxsin

0xcos
D

,xtan
xcos

1
xsinxsecxsin

xcosxsec

xsin0
D

,1xsinxcos
xcosxsin

xsinxcos
D

2

1

22













 















xdxv1'v

|xcos|lndx
xcos

xsin
vxtan

1

xtan
v

22

11

 

yp = ln |cosx| cosx + x sinx 

yg = c1cosx + c2sinx + ln |cosx| cosx + x sinx 

 

 

Exercise 

1. y''-2y'+y = ex lnx 

2. y''-2y'+y = 
5

x

x

e
 

3. y''+4y=sin22x 
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Problems: Find the general solution 

1-       xeyyy x ln42   

2-       -1(0)y      ,   0y(0)                 cos15sin23204  ttyyy  

3-       3(0)y    ,  1-y(0)        434 3  xeyyy  

4-       xxyy 2   

5-      
3

x

x

e12
yy2y   

6-      xyy 2 sec 44   
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